Some Sharp Inequalities for Algebraic Polynomials  by Rafalson, Semyon
Journal of Approximation Theory 95, 161177 (1998)
Some Sharp Inequalities for Algebraic Polynomials
Semyon Rafalson
John Jay High School, 237 Seventh Avenue, Brooklyn, New York 11215
Communicated by Doron S. Lubinsky
Received August 12, 1996; accepted in revised form December 8, 1997
Let Hn be the set of all algebraic polynomials with real coefficients of degree at




(1&x): (1+x); Q2(x) dx=
12
.
Let n+1 # N,
.(n; :, ;; #, $) :=sup [&Q&:, ; : Q # Hn , &Q&#, $=1].
In this paper we find explicit expressions in terms of n for .(n; :, ;; :+1, ;),
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1. INTRODUCTION
For two sequences [:n]0 , [;n]

0 of positive numbers, we shall write
:n t;n if there exist constants A1 , A2>0, independent of n, such that
A1;n:nA2 ;n (n+1 # N).
The following relations were proved in [2]: if :, ;, #, $>&1, then
.(n; :, ;; #, $)t{(n+1)
max(#&:, $&;)
1
if #>: or $>;,
if #: and $;.
(1)
The following statement was proved in [6]: let =, +>0, &1+=<:, #<+.
There exist constants C1 , C2>0, depending only on = and +, such that
\n # N we have
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We note that explicit expressions for .(n; :, ;; #, $) have not been found
before. The search for exact constants in different kind of inequalities is
and, we hope, always will be of considerable interest for mathematicians.
However, it is not the exact constants themselves that are very important
but the methods used for their determination, which are quite often inter-
esting and instructive.
2. SOME CONSEQUENCES OF THE GAUSSJACOBI
MECHANICAL QUADRATURE
Let w(x) be a weight function defined on [&1, 1], i.e., Lesbesgue-
measurable, nonnegative, and such that 1&1 w(x) dx>0. Let [ pn(x)]

0
be the system of algebraic polynomials orthonormal on [&1, 1] with
respect to w(x). We denote by x (k)n (n # N, k=1, 2, ..., n) the zeroes of
pn(x), arranged in decreasing order. For the Jacobi weight w(x)=
(1&x): (1+x); (:, ;>&1) we set x (k)n =x
(k); :, ;
n (n # N, k=1, 2, ..., n). In
this section we will make use of the GaussJacobi mechanical quadrature
[8] (formula (3.4.1)): there exist positive numbers * (n)1 , *
(n)
2 , ..., *
(n)
n such










We will use formula (2) to obtain explicit expressions for .(n; :, ;; :+1, ;)
and .(n; :+1, ;; :, ;) in the cases |:|=|;|= 12 .
Theorem 1. Let :, ;>&1, n+1 # N. Then
.(n; :, ;; :+1, ;)=(1&x (1); :, ;n+1 )
&12 (3)
.(n; :+1, ;; :, ;)=(1&x (n+1); :, ;n+1 )
12. (4)
Proof. Let w(x)=(1&x): (1+x);, Q # Hn . Applying (2) to .(x)=

















(1&x):+1 (1+x); Q2(x) dx




2(x (&); :, ;n+1 ). (6)





2(x (&); :, ;n+1 )=|
1
&1
(1&x): (1+x); Q2(x) dx. (7)




(1&x):+1 (1+x); Q2(x) dx
(1&x (n+1); :, ;n+1 ) |
1
&1
(1&x): (1+x); Q2(x) dx. (8)
We consider now the polynomial Q1 # Hn such that Q1(x (&); :, ;n+1 )=0

















(1&x):+1 (1+x); Q21(x) dx
=(1&x (n+1); :, ;n+1 ) |
1
&1
(1&x): (1+x); Q21(x) dx. (9)
From (8) and (9) we obtain (4). Equality (3) can be proved in a similar
manner. Thus, Theorem 1 is proved. K
In the case |:|=|;|= 12 there are well-known explicit expressions for
x(1); :, ;n+1 and x
(n+1); :, ;
n+1 . In the other cases one can use numerous estimates
for x (1); :, ;n+1 and x
(n+1); :, ;
n+1 [3, 4, 7, 8, pp. 121, 124, 138], yielding estimates
from above for .(n; :, ;; :+1, ;) and .(n; :+1, ;; :, ;), where instead of
(1&x(1); :, ;n+1 )
&12 and (1&x (n+1); :, ;n+1 )
12 there will be explicit functions of
n, :, ;.
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Now we intend to derive some new inequalities for algebraic polynomials
by making use of formula (2). Let Rl # Hl (l # N), |Rl (x)|1 on [&1, 1].
It follows from (2) that \Q # Hn we have
























max {Rl (x (&)n+1+wl2x), &=1, 2, ..., n+1+\ l2= . (11)




(1+Rl (x)) w(x) Q2(x) dx




w(x) Q2(x) dx. (12)




(1+Rl (x)) w(x) Q2(x) dx




w(x) Q2(x) dx. (13)
If l2, then, in general, in (12) and (13) we cannot replace the inequality
signs  and  by the equality sign. In fact, we are unable to use the same
line of reasoning we used before to prove (3) and (4): there is no Q # Hn




similarly, there is no Q # Hn such that Q(x (&)n+1+wl2x)=0 for &=1, 2, ...,
n+wl2x, Q(xn+1+wl2xn+1+wl2x)=1. We can now conclude that, in general,
inequality (12) is not sharp, i.e. the constant 1+max[Rl (x(&)n+1+wl2x):
&=1, 2, ..., n+1+wl2x] need not be the smallest on the whole class
Q # Hn . The same is true for the inequality (13).
Now we consider the particular case w(x)=(1&x2)12; then x (&)n =
cos(&?n+1) (&=1, 2, ..., n). We set Rl (x)=&x l, l=2k, k # N. It is easy to








(1&x2)12 Q2(x) dx. (14)
We will prove later in this paper that for k=1 the inequality (14) is sharp.






\1&cos2k (n+k+1) ?2(n+k+2) + |
1
&1
(1&x2)12 Q2(x) dx (15)
if n+k+1 is even. We will prove below that for n even and k=1 the
inequality (15) is sharp.
We note that B. Bojanov [1] applied the GaussJacobi mechanical
quadrature to prove certain DuffinSchaeffer type inequalities.
3. THE MAIN THEOREM
Theorem 2. If n+1 # N, then





























if n is odd.
(17)
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4. SOME AUXILIARY STATEMENTS
We need two algebraic lemmas to carry out the proof of Theorem 2.
Lemma 1. The following equality holds:
a11 0 a12 0 0 } } } 0 0 0 0
0 b11 0 b12 0 } } } 0 0 0 0
a21 0 a22 0 a23 } } } 0 0 0 0
0 b21 0 b22 0 } } } 0 0 0 0
0 0 a32 0 a33 } } } 0 0 0 0
b b b b b
. . . b b b b
0 0 0 0 0 } } } an&1, n&1 0 an&1, n 0
0 0 0 0 0 } } } 0 bn&1, n&1 0 bn&1, n
0 0 0 0 0 } } } an, n&1 0 an, n 0
0 0 0 0 0 } } } 0 bn, n&1 0 bn, n
= }
a11 a12 0 } } } 0 0
} } }
b11 b12 0 } } } 0 0
}
a21 a22 a23 } } } 0 0 b21 b22 b23 } } } 0 0
0 a32 a33 } } } 0 0 0 b32 b33 } } } 0 0
b b b
. . . b b b b b
. . . b b
0 0 0 } } } an&1, n&1 an&1, n 0 0 0 } } } bn&1, n&1 bn&1, n
0 0 0 } } } an, n&1 an, n 0 0 0 } } } bn, n&1 bn, n
(18)
Proof. It is easy to prove (18) by expanding the determinant on the
left-hand side of (18) over the rows 1, 3, ..., 2n&1 with the aid of Laplace’s
theorem. K
Lemma 2. Let
2*&2 0 1 0 0 } } } 0 0 0 0
0 2*&2 0 1 0 } } } 0 0 0 0
1 0 2*&2 0 1 } } } 0 0 0 0
0 1 0 2*&2 0 } } } 0 0 0 0
2n(*)= b b b b b
. . . b b b b
0 0 0 0 0 } } } 2*&2 0 1 0
0 0 0 0 0 } } } 0 2*&2 0 1
0 0 0 0 0 } } } 1 0 2*&2 0
0 0 0 0 0 } } } 0 1 0 2*&2
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, m # N; (19)
22m+1(*)=
sin(m+2) % sin(m+1) %
sin2 %
, m+1 # N. (20)
Proof. First we prove (19). We denote
2m, 0(*)=}
2*&2 1 0 } } } 0 0
} ;
1 2*&2 1 } } } 0 0
0 1 2*&2 } } } 0 0
b b b . . . b b
0 0 0 } } } 2*&2 1
0 0 0 } } } 1 2*&2
2m, 0(*) is a determinant of order m. Making use of (18), we obtain
22m(*)=(2m, 0(*))2. (21)




, m # N. (22)
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Expanding 2m+2, 0(*) with respect to the first column and making use of
the induction hypothesis, we obtain
2m+2, 0(*)=2 cos % } 2m+1, 0(*)&2m, 0(*)













Therefore, since equality (23) is proved, so is (22). Equality (19) follows
directly from (21) and (22).
The proof of (20) is more involved. First we prove by induction that for







(&1)k sin2(m+1&k) %. (24)












while for m=1 we have
2 cos % 0 1










=8 cos3 %&2 cos %.
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Thus, (24) is verified for m=0 and for m=1. To complete the proof of (24)
it is sufficient to prove that if (24) holds for m&1 (m # N), then it holds
also for m+1. Expanding 22m+3(*) with respect to the first column, we
obtain
22m+3(*)=(2*&2) 22m+2(*)
0 1 0 0 0 } } } 0 0 0 0
2*&2 0 1 0 0 } } } 0 0 0 0
1 0 2*&2 0 1 } } } 0 0 0 0
0 1 0 2*&2 0 } } } 0 0 0 0
+ 0 0 1 0 2*&2 } } } 0 0 0 0 .
b b b b b
. . . b b b b
0 0 0 0 0 } } } 2*&2 0 1 0
0 0 0 0 0 } } } 0 2*&2 0 1
0 0 0 0 0 } } } 1 0 2*&2 0
0 0 0 0 0 } } } 0 1 0 2*&2
Expanding the last determinant of order 2m+2 with respect to the first






















Thus, equality (24) is proved.







sin(m+2) % } sin(m+1) %
sin2 %
(25)
We consider two cases: (1) m is even; (2) m is odd.
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(1) m is even. By applying the formula sin2 :=(1&cos 2:)2 to each











































1&cos 2(m+2) %&i sin 2(m+2) %





sin(m+2) %[sin(m+2) %&i cos(m+2) %]





&i sin(m+2) %[cos(m+2) %+i sin(m+2) %]





&i sin(m+2) %[cos(m+1) %+i sin(m+1) %]
cos %
=
sin(m+2) % } sin(m+1) %
sin2 %
.



























e2i% sin(m+1) % } (sin(m+1) %&i cos(m+1) %)











(&i) sin(m+1) % } ei(m+2) %
cos %
=
sin(m+1) % } sin(m+2) %
sin2 %
.
Lemma 2 is completely proved. K
5. COMPLETION OF THE PROOF OF THEOREM 2
We denote by [J :, ;k ]

0 the system of Jacobi polynomials, orthonormal
on [&1, 1] with the weight function (1&x): (1+x);, :, ;>&1. Let













Making use of the identities
(1&x2) J (12, 12)n (x)=
1
2
J (&12, &12)n (x)&
1
2
J (&12, &12)n+2 (x), n # N,
(1&x2) J (12, 12)0 (x)=
1
- 2
J (&12, &12)0 (x)&
1
2
J (&12, &12)2 (x),
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ck(1&x2) J (12, 12)k (x)
=c0 \ 1- 2 J (&12, &12)0 (x)&
1
2




ck _12 J (&12, &12)k (x)&
1
2




J (&12, &12)0 (x)&
c0
2

















J (&12, &12)0 (x)&
c0
2

















J (&12, &12)0 (x)&
c0
2











c1 J (&12, &12)1 (x)+
1
2




cn&1J (&12, &12)n+1 (x)&
1
2




J (&12, &12)0 (x)+
1
2











cn&1J (&12, &12)n+1 (x)&
1
2
cn J (&12, &12)n+2 (x). (28)
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It follows from (29) and (27) that in order to conclude the proof of
Theorem 2 it is sufficient to find the maximum and the minimum values of
the quadratic form









over the unit sphere nk=0 c
2
k=1. It is well known that these are equal to




2 0 } } } 0 0 0
0 1&* 0 & 12 } } } 0 0 0
& 12 0 1&* 0 } } } 0 0 0
2 n+1(*)= } b b b b . . . b b b }=0, (30)0 0 0 0 } } } 1&* 0 & 120 0 0 0 } } } 0 1&* 0
0 0 0 0 } } } & 12 0 1&*
respectively. The determinant in (30) has order n+1. It is well known that
all the roots of the equation (30) are real. We prove that all roots * of the
equation (30) satisfy 0<*<2. First of all, it is obvious that \Q # Hn , Q{0
we have
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which implies *<2. On the other hand, it follows from (1) (second line)
that min[&Q&32, 32 : Q # Hn , &Q&12, 12=1]r1, which implies *>0. Thus,
when considering the equation (30), we can make use of the equalities (19)
and (20).
We write the first and the third elements of the first column of 2 n+1(*)
as 12+(1&*) and 0+(&
1
2), respectively. Then we represent 2 n+1(*) as
2 n+1(*)=2 n+1(*)+ 122 n(*)
where the determinant
2 k(*)=
1&* 0 & 12 0 } } } 0 0 0
0 1&* 0 & 12 } } } 0 0 0
& 12 0 1&* 0 } } } 0 0 0
0 & 12 0 1&* } } } 0 0 0
b b b b . . . b b b
0 0 0 0 } } } 1&* 0 & 12
0 0 0 0 } } } 0 1&* 0
0 0 0 0 } } } & 12 0 1&*










We consider two cases: (1) n=2m(m+1 # N); (2) n=2m+1(m+1 # N).






































Now we find the greatest and the smallest zeroes of 2 n+1(*), separately
for the case n=2m (m+1 # N) and n=2m+1 (m+1 # N).
In the case n=2m (m+1 # N), the function 2 n+1(*) is a polynomial of
degree 2m+1 in *. Its zeroes are 1+cos(k?m+1) (k=1, 2, ..., m) and
1+cos(?(2l+1)2m+3) (l=0, 1, ..., m). The smallest zero of 2 n+1(*) is
1+cos(?(2m+1)2m+3)=1+cos(?(n+1)n+3)=2 sin2(?n+3) and,
therefore




implying (16). The largest zero of 2 n+1(*) is 1+cos(?2m+3)=2 cos2(?
2(n+3)) and, therefore
max {f (c0 , c1 , ..., cn): :
n
k=0
c2k=1==2 cos2 ?2(n+3) ,
implying (17) (case n even).
In the case n=2m+1 (m+1 # N), the function 2 n+1(*) is a polynomial
of degree 2m+2 in *. Its zeroes are 1+cos(k?m+2) (k=1, 2, ..., m+1)
and 1+cos(?(2l+1)2m+3) (l=0, 1, ..., m). The smallest zero of 2 n+1(*)
is 1+cos(?(m+1)m+2)=1&cos(?m+2)=2 sin2(?2m+4)=2 sin2(?
n+3), which implies (16). The largest zero of 2 n+1(*) is 1+cos(?2m+3)
=2 cos2(?2(n+2)) and, consequently, relation (17) (case n odd) holds.
This concludes the proof of Theorem 2.
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6. REMARKS
1. The idea of reducing certain extremal problems for polynomials to
the problem of finding the maximum and minimum values of a quadratic
form in n variables over the unit sphere has been previously used by
P. Tura n [9] to prove some sharp Markov inequalities in the L2 -metric
with Hermite and Laguerre weight functions.
2. We give now two examples of how to derive estimates of the con-
stants in some Bernstein type inequalities by combining the statements (3),
(4), (17)(19) and some results obtained by Daugavet and Rafalson [2]
and by Guessab and Milovanovic [5].
(a) The following sharp inequality was proved in [2]. If Q # Hn ,
m+1 # N, +>& 12 , then
&Q(m)&2++m, 2++m n ! 1(n+4++m+1)(n&m)! 1(n+4++1) &Q&2+, 2+ . (32)
For +=14 we obtain
&Q(m)&m+12, m+12 1(n+m+2)(n&m)! (n+1) &Q&12, 12 .
Making use of (16) we obtain




&Q&32, 32 ; (33)
in particular, for m=1 we have
&Q$&32, 32- n(n+2) \sin ?n+3+
&1
&Q&32, 32 . (34)
(b) The following sharp inequality was proved in [5]. If Q # Hn ,
m+1 # N, :, ;>&1, then
&Q(m)&m+:, m+; n ! 1(n+:+;+m+1)(n&m)! 1(n+:+;+1) &Q&:, ; . (35)
If in (35) we set :=;=&12, then we obtain
&Q(m)&m&12, m&12n1(n+m)(n&m)! &Q&&12, &12 . (36)
Taking into account the well known expressions for the zeroes of the poly-
nomials J (&12, &12)n (n # N), we derive from (3) that





















&Q&12, &12 ; (38)






&Q&12, &12 . (39)
The reader will have no trouble in deriving estimates of the constants in
other Bernstein type inequalities by using (32), (35), (3), (4), (16)(17).
We note that, although most likely the constants in (33), (34), (38), (39)
are not exact, these inequalities cannot be improved in terms of the order
of growth with respect to n. This assertion has been proved in [2].
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